The basic problem in this paper is that of determining the geometry of an arbitrary doubly-connected region in R 2 together with an impedance condition on its inner boundary and another impedance condition on its outer boundary, from the complete knowledge of the eigenvalues {<*/};£[ for the two-dimensional Laplacian using the asymptotic expansion of the spectral function 0(t) = £~i exp(-fAy) for small positive /.
Introduction
The underlying problem is to deduce the precise shape of a membrane from the complete knowledge of the eigenvalues A, for the Laplace operator A = E* =l {d/dx') 2 in the x'x 2 -plane. Let SIC R 2 be a simply connected bounded domain with a smooth boundary d£2. Consider the impedance problem Problem (1.1) has been investigated in [2] , [3] , [5] in the following special cases: In these formulae, \Q\ is the area of Q, |d£2| is the total length of its boundary, a is the arc length of the counterclockwise oriented boundary 9Q and k(o) is the curvature of 5Q. The constant term a$ has geometric significance, e.g., if Cl is smooth and convex, then OQ = 1/6 and if Q is permitted to have a finite number u H n of smooth convex holes, then OQ -(1 -# ) / 6 . Furthermore, it has been shown by Gottlieb [1] that if LN is the length of a part of the boundary dQ with Neumann boundary condition and if L D is the length of the remaining part of dQ, with Dirichlet boundary condition, then
The object of this paper is to discuss the following inverse problem: Let Q, be an arbitrary doubly-connected region in R 2 surrounding internally by a simply connected bounded domain £2 t with a smooth boundary dQ\ and externally by a simply connected bounded domain Q2 with a smooth boundary dQ.1. Suppose that the eigenvalues (1.2) are given for the impedance problem = 0 in fl, (1.7) +y t )u = 0 ondQ u (1.8) and
where d/dn\ and d/dni denote differentiations along the inward pointing normals to the boundaries dQ\ and dQ, 2 respectively, while y\ and y 2 are positive constants. Determine the geometry of the arbitrary doubly-connected 474 E. M. E. Zayed [3] region ft as well as the impedances y\ and y 2 from the asymptotic behaviour of 0(0 for small positive t. Note that problem (1.7)-(1.9) has been investigated recently by Zayed [6] in the special case where ft = {(r,0): a<r<b,
is a circular annulus.
Statement of results
Suppose that the inner boundary 5fti of the region ft is given locally by the equations x' = y'{a\), i = 1,2 in which <j\ is the arc length of the counterclockwise oriented inner boundary 9fti and y l {o\) e C°°(9fti). Suppose also that the outer boundary d£l 2 of ft is given by the equations x' = y'(a 2 ), i = 1,2 in which a 2 is the arc length of the counterclockwise oriented outer boundary 9ft 2 and y'(a 2 ) € C°°(dft 2 ). Let L x and L 2 be the lengths of dfti and dili respectively. Let k\(a{) and ^2(02) be the curvatures of 9ft 1 and dft2 respectively, where f dili k\{ai)do\ = f da ki{oi)do2 = 2n. Thus, the results of our main problem (1.7)-(1.9) which will be constructed in Section 7 can be summarized in the following cases:
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With reference to formulae (1.4)-(1.6) the asymptotic expansions (2.1)-(2.3) may be interpreted as follows:
(i) £2 is an arbitrary doubly-connected region in R 2 and we have the impedance boundary conditions (1.8), (1.9) with small/large impedances y\, y 2 as indicated in the specifications of the four respective cases.
(ii) For the first three terms, €l is an arbitrary doubly-connected region in/?
2 of area |Q|.
In case 1, it has H = (1 + (3y\L\)/n) holes, a part of the boundary of length L\ with Neumann boundary condition and the other part of length (L 2 + 2ny^x) with Dirichlet boundary condition, provided H is an integer.
In case 3, it has only one hole (H = 1), a boundary of length {(Li + 2wyj~1) + (L 2 + 271^')} together with Dirichlet boundary conditions on dQi and dil 2 .
In case 4, it has H = 1 + 3{y 2 L 2 -y\ L\ )/n holes, a boundary of length L\ + Li together with Neumann boundary conditions on dCli and dSl 2 , provided H is an integer.
Formulation of the mathematical problem
With reference to [2] and using the same arguments of Section 1 in [4] and Section 2 in [6] , we deduce that the spectral function 6{t) associated with our main problem (1.7)-(1.8) can be written in the form: ) satisfying the impedance boundary conditions (1.8), (1.9) for small/large impedances y x , y 2 . Therefore, Green's theorem gives: ) has the same form (4.1) except its second term which is different from the second term of (4.1). In case 3, the second term of G(x\, X2\s 2 ) is equal to the negative of the third term of (4.1) with the interchanges d£l\ *-* dQ.2, y\ <-» 72 and «i <-» « 2 .
Case A. ( 0 < y i , y 2 « : 1)
In this case G(x\,X2\s
2 ) has the same form (4.1) except its third term which is different from the third term of (4.1). In case 4, the third term of G(xi,X2',s 2 ) is equal to the negative of the second term of (4.1) with the interchanges dili <-> dft 2 , y\ <-» y 2 , and n x <-> « 2 .
On applying the iteration method (see [4] Similarly, we can find ~x{x\, X2',s 2 ) for the other three cases.
On the basis of (4.2) the function ~x{x\,X2',s 2 ) will be estimated for large values of s together with small y\ and large yi. The case when X\ and X2 lie in the neighbourhood of the inner boundary dCli or in the neighbourhood of the outer boundary d&2 is particularly interesting. To this end we shall use coordinates similar to those obtained in [4] as follows:
5. Differential geometry of the boundaries dQ\ and d£l 2 Let «i, «2 be the minimum distances from a point x = {x l ,x 2 ) of the region Q to the boundaries d£l\, dQ.2 respectively. Letters n\{o\), £2(^2) denote the inward drawn unit normals to dili, dQ.2 respectively. We note that the coordinates in the neighbourhood of dQ.2 and its diagrams (see Figure  l Therefore, we have the same formulas (3.1)-(3.4) of Section 3 in [4] with the following interchanges: c(o) «-+ k\{o\), n <-> n\, n(a) <-> ni(ci), the plus sign of the second term of (3.1) by the minus sign, the minus sign of the second term in the third equation of (3.2) by the plus sign, the constant -1 / 1 2 in (3.3) by +7/12 and finally the minus sign in the second term of (3.4) by the plus sign. 
Some local expansions
It now follows that the local expansions of the functions
when the distance between x and y is small, are very similar to those obtained in Sections 4, 5 or [4] . Consequently, for small y ( and large y 2 the local behaviour of the following kernels:
when the distance between y and y' is small, follows directly from the knowledge of the local expansions of the functions (6.1). This follows from the definition of ^-functions (see [3] , [4] ) in small domains C{I\) and C(/ 2 ). Thus, using methods similar to those obtained in Sections 6-10 of [4] , we can show that the functions (6.1) are e x -functions with degrees k = 0, -1 , -1 respectively. Consequently, for small impedance y\ the functions (6.2) are e xfunctions with degrees X = 0, -1 while for large impedence y 2 the functions (6. An ^(xi,JC2;^)-function is defined and infinitely differentiable with respect to x x and X2 when these points belong to a large domain Q + dili or SI + d£l2 except when x\ = Xi 6 d£l\ or dQli. Thus the /^-function has a similar local expansion of the e*-function (see [3] , [4] ).
By the help of Sections 8, 9 in [4] it is easily seen that formula (4. n=l where the coefficients a n for all four cases are calculated from the ^-expansions by the help of formula (11.3) of Section 11 in [4] . Finally, on inverting Laplace transforms and using (3.1) we arrive at our results (2. l)-(2.3).
Discussions and conclusions
In this paper we note that the definitions and the local expansions of e x -functions and E x -functions in the small domain C{h) and the large domain ft + dil 2 respectively are exactly the same as in Pleijel [3] and Sleeman and Zayed [4] . But the definitions and the local expansions of these functions in the small domain C(I\) and the large domain Q + dCli may be different from those obtained in [3] , [4] ) as s -> oo for Neumann or Dirichlet problem when x\, X2 lie in the neighbourhood of a smooth boundary of a general simply connected bounded domain, while in the present paper the author has used these functions to estimate J(xi, x^s . From these discussions we conclude that the reference [3] plays an important role in the present paper. Because of that, I am deeply grateful to the Swedish mathematician Professor A. Pleijel.
